Abstract This paper examines a pair of bent functions on Z 2m 2 and their relationship to a necessary condition for the existence of an automorphism of an edge-coloured graph whose colours are defined by the properties of a canonical basis for the real representation of the Clifford algebra R m,m . Some other necessary conditions are also briefly examined.
First, we recall the relevant definition. Definition 1. [2, 3, 15] . A simple graph Γ of order v is strongly regular with parameters (v, k, λ , µ) if
• each vertex has degree k, • each adjacent pair of vertices has λ common neighbours, and • each nonadjacent pair of vertices has µ common neighbours. Now, the more general question.
Question 2.
For which parameters (v, k, λ , µ) is there a an edge-coloured graph Γ on v vertices, with two edge colours, red (with subgraph Γ [−1]) and blue (with subgraph Γ [1] ), such that the subgraph Γ [−1] is a strongly regular graph with parameters (v, k, λ , µ), and such that there exists an automorphism of Γ that swaps Γ [−1] with Γ [1] ?
Remark. Since the existence of such an automorphism implies that Γ [−1] and Γ [1] are isomorphic, this implies that Γ [1] is also a strongly regular graph with the same parameters as Γ [−1] .
Questions 1 and 2 were asked (in a slightly different form) at the workshop on "Algebraic design theory with Hadamard matrices" in Banff in July 2014.
Further generalization gives the following questions. For what parameters is the c-edge-coloured ck regular graph unique up to isomorphism?
Remark. This question appears on MathOverflow [9] , and is partially answered by Dima Pasechnik and PadraigÓ Catháin, specifically for the case where the ck regular graph is the complete graph on v = ck + 1 vertices. See the relevant papers by van Dam [6] , van Dam and Muzychuk [7] , andÓ Catháin [13] . These partial answers do not apply to the specific case of Question 1 because the graph ∆ m is not a complete graph when m > 1.
Question 4.
For which parameters (v, k, λ , µ) does the edge-coloured graph Γ from Question 3 have an automorphism that permutes the corresponding strongly regular subgraphs? Which finite groups occur as permutation groups in this manner (i.e. as the group of permutations of strongly regular subgraphs of such an edge-coloured graph)?
This paper examines some of the necessary conditions for the graph ∆ m to have an automorphism as per Question 1. Questions 2 to 4 remain open for future investigation.
Considering that ∆ m [−1] is a strongly regular graph, the first necessary condition is that ∆ m [1] is also a strongly regular graph, with the same parameters. This is proven as Theorem 10 in Section 1.5. Some other necessary conditions are addressed in Section 1.6.
A signed group and its real monomial representation
The following definitions and results appear in the paper on Hadamard matrices and [11] , and are presented here for completeness, since they are used below. Further details and proofs can be found in that paper, unless otherwise noted.
The signed group G p,q of order 2 1+p+q is extension of Z 2 by Z p+q 2 , defined by the signed group presentation
where S p,q := {−q, . . ., −1, 1, . . . , p}.
The following construction of the real monomial representation P(G m,m ) of the group G m,m is used in [11] .
The 2 × 2 orthogonal matrices
generate P(G 1,1 ), the real monomial representation of group G 1,1 . The cosets of {±I} ≡ Z 2 in P(G 1,1 ) are ordered using a pair of bits, as follows.
0 ↔ 00 ↔ {±I}, 
(Here I (2) is used to distinguish this 2 × 2 unit matrix from the 2 m × 2 m unit matrix I.) In this paper, this ordering is called the Kronecker product ordering of the cosets of {±I} in P(G m,m ). We recall here a number of well-known properties of the representation P(G m,m ).
Lemma 1.
The group G m,m and its real monomial representation P(G m,m ) satisfy the following properties.
1. Pairs of elements of G m,m (and therefore P(G m,m )) either commute or anti-
The matrices E ∈ P(G m,m ) are either symmetric and square to give I or skew and square to give −I: either E T = E and E 2 = I or E T = −E and E 2 = −I.
Taking the positive signed element of each of the 2 2m cosets listed above defines a transversal of {±I} in P(G m,m ) which is also a monomial basis for the real representation of the Clifford algebra R m,m in Kronecker product order. In this paper, we call this ordered monomial basis the positive signed basis of P(R m,m ). For example, (I, E 1 , E 2 , E 1 E 2 ) is the positive signed basis of P(R 1,1 ). Note: any other choice of signs will give a different transversal of {±I} in P(G m,m ), and hence an equivalent ordered monomial basis of P(R m,m ), but we choose positive signs here for definiteness.
Definition 2.
We define the function γ m : Z 2 2m → P(G m,m ) to choose the corresponding basis matrix from the positive signed basis of P(R m,m ), using the Kronecker product ordering. This ordering also defines a corresponding function on Z 2m 2 , which we also call γ m .
For example,
Two bent functions
We now define two functions, σ m and τ m on Z 2m 2 , and show that both of these are bent. First, recall the relevant definition.
Definition 3. [8, p. 74].
A Boolean function f : Z m 2 → Z 2 is bent if its Hadamard transform has constant magnitude. Specifically:
1. The Sylvester Hadamard matrix H m , of order 2 m , is defined by
where the value of f [i], i ∈ Z 2 m is given by the value of f on the binary digits of i. 3. In terms of these two definitions, the Boolean function f : Z m 2 → Z 2 is bent if
for some constant C.
The first function, σ m is defined and shown to be bent in [11] . We repeat the definition here. 
Remark. The following lemma is proven in [11] .
Lemma 2. The function σ m is a bent function on Z 2m 2 .
The basis element selection function γ m also gives rise to a second function, τ m on Z 2 2m . τ 1 (i) := 1 if i = 10, so that γ 1 (i) = ±E 2 , 0 otherwise.
where ⊙ denotes concatenation of bit vectors, and σ is the sign-of-square function, as above.
It is easy to verify that τ m (i) = 1 if and only if γ m (i) is symmetric but not diagonal. This can be checked directly for τ 1 . For m > 1 it results from properties of the Kronecker product of square matrices, specifically that (A ⊗ B) T = A T ⊗ B T , and that A ⊗ B is diagonal if and only if both A and B are diagonal.
The first main result of this paper is the following. 
Lemma 4. [16, Theorem 1] If a binary function f on Z 2m 2 can be decomposed into four functions
where all four functions are bent, with dual functions such that
Proof of Theorem 3. In Lemma 4, set
Thus, these four functions satisfy the premise of Lemma 4, as long as both σ m−1 and τ m−1 are bent.
It is known that σ m is bent for all m. It is easy to show that τ 1 is bent, directly from its definition. Therefore τ m is bent. ⊓ ⊔
Bent functions and Hadamard difference sets
The following well known properties of Hadamard difference sets and bent functions are noted in [11] .
Definition 7. [8, pp. 10 and 13].
The 
Proof. Both σ m and τ m are bent functions, as per Lemma 2 and Theorem 3 respectively. Therefore, by Lemma 6, both σ −1 m (1) and τ −1 m (1) are Hadamard difference sets. In both cases, the relevant abelian group is Z 2m 2 , with order 4 m . Thus in Lemma 5 we must set N = 2 m−1 to obtain that either The result follows immediately. ⊓ ⊔ As a check, the parameters k m can also be calculated directly, using the recursive definitions of each of σ m and τ m .
Bent functions and strongly regular graphs
This section examines the relationship between the bent functions σ m and τ m and the subgraphs ∆ m [−1] and ∆ m [1] from Question 1. First we revise some known properties of Cayley graphs and strongly regular graphs, as noted in the previous paper on Hadamard matrices and Clifford algebras [11] , including the result of Bernasconi and Codenotti [1] on the relationship between bent functions and strongly regular graphs.
First we recall a special case of the definition of a Cayley graph.
Definition 8.
The Cayley graph of a binary function f : Z m 2 → Z 2 is the undirected graph with adjacency matrix F given by F i, j = f (g i + g j ), for some ordering (g 1 , g 2 , . . .) of Z m 2 . The result of Bernasconi and Codenotti [1] on the relationship between bent functions and strongly regular graphs is the following. We use this result to examine the graph ∆ m . The following two definitions appear in the previous paper [11] and are repeated here for completeness. We call this graph the restricted amicability / anti-amicability graph of the Clifford algebra R m,m , the restriction being the requirement that an edge only exists for pairs of matrices with disjoint support. The following theorem is presented in [11] . 
Thus 
Other necessary conditions
This section examines two other necessary conditions for the existence of an automorphism of ∆ m that swaps ∆ m [−1] with ∆ m [1] . The first condition follows. 
